homology m-sphere. Thus, such actions are related to knots in codimension 3. For G equal to O(n), with n 2 2, SO(n), n 2 4, or Spin(7) C 0 ( 8 ) , any biaxial G-action on a homotopy sphere C2"+"' has the following nice property: 1) (C, G ) is equivalent to a pullback of its linear model.
This implies that
2) C equivariantly bounds a parallelizable manifold, and that 3) C is determined by its "orbit triple" (B, aB. B,).
These facts are proved in 161, 1191, 1201. Since SO(3) is transitive on V3,2 and G 2 is transitive on V7,2, one might expect that similar results hold in these cases; however, the proofs break down. For G = SO(3) or G 2 , our G-actions on sphere bundles are easily seen to be biaxial. However, for these actions all three of the above properties fail to hold. Moreover, if the sphere bundle is not the actual Hopf-bundle these actions do not extend to biaxial O(n)-actions, n = 3 or 7. There are similar nice results for biaxial actions of U(rz), n 2 2, and SU(n), 12 2 4; in particular, for such actions properties 1) and 2) hold. However, the corresponding results are false for SU(3). In fact, in Section 7 we shall show that the action of SU(3) C G 2 on the sphere bundle M:' is a counterexample to both these properties.
For G = SO(3) or G 2 , 1) can be replaced by the following property:
1)' (C, G ) is equivalent to a pullback of the natural G-action on the quaternionic projective plane if G = S 0 ( 3 ) , or on the Cayley projective plane if G = G 2 .
This is proved in [9] , where it is also shown that biaxial SU(3)-actions are pullbacks of the Cayley projective plane. Under certain conditions (see Proposition 4.9) , 1)' insures that (C, G ) equivariantly bounds a spin manifold. In particular, in dimensions 7 and 15 the equivariant p-invariant is always defined. We use this fact in Theorem 5.3 to completely classify biaxial SO(3)-actions on homotopy 7-spheres: every such action can be written uniquely as the equivariant connected sum of some number of copies of (M:, SO(3) ) together with the restriction of some biaxial O(3)-action.
A similar result holds for G2-actions on 15-spheres. An interesting feature of biaxial 0(n)-actions on homotopy spheres is that non-linear examples occur in nature, [I] , [17] . After Milnor's seminal work [26] , several other constructions of exotic spheres were discovered. The most natural of these is to represent them as the boundary of some plumbing manifold or equivalently as a Brieskorn manifold, [17] , 1251. Kervaire-Milnor proved that every homotopy sphere which bounds a parallelizable manifold could be constructed in this fashion. Hirzebruch observed in [17] that these plumbing manifolds and certain Brieskorn manifolds support canonical biaxial 0(n)-actions.' Since the S O (3)-and G2-actions on sphere bundles generally do not arise as restrictions of O(n)-actions, they give a new class of examples. Thus, the essentially different natures of the two known natural constructions of exotic spheres (either as exotic Hopf-bundles or as boundaries of plumbing manifolds) is reflected in the study of their transformation groups. The fact that exotic Hopf-bundles occur only in fiber dimensions 3 and 7 is mirrored by the fact that SO(3) and G 2 play a distinguished role in the theory of biaxial actions.
This distinguished role was already evident in the first work on this subject, by Bredon in [2] and [3] . He constructed certain biaxial O(n)-actions without fixed points on (2r2 -1)-manifolds. Later these actions were shown to coincide with the natural 0(>I)-actions on the Brieskorn manifolds z2"-' (k, 2, . . ., 2), with k odd. (See Example 4.2.) For rz odd these manifolds are homotopy spheres. If we restrict the action to G c O(n) for G = O(n), n 2 2, SO(n), n 2 4, or Spin(7), then for distinct k these actions can be seen to be of distinct G-diffeomorphism types. However, Bredon showed that fork odd, the SO(3)-action on C5 (k, 2, 2, 2) is equivalent to the linear action on s5and similarly for the G2-action on C13 (k, 2, .. . , 2). Thus, in the presence of fixed points the unusual feature of biaxial actions of G = SO(3) or G2 is that there are G-actions which do not extend to O(n), while in the absence of fixed points the unusual feature is that different O(n)-actions become equivalent when restricted to G. 1 would like to thank Glen Bredon for bringing the Gromoll-Meyer example to my attention and for pointing out its significance to the study of biaxial actions.
Natural Actions on Some Vector Bundles Over Projective Lines.
Let A stand for either the real, complex, quaternion, or Cayley numbers (denoted by R , C , H, or 0 , respectively) and let n = dimR A -1. Let x F denote the canonical anti-involution on A. A real inner product on + A is defined by x . y = M ( 6 + yF). The A-projective line AP' is formed by identifying two copies of A via the diffeomorphism of A -(0)
Clearly, AP' E s " + ' .
For each pair of integers (h,, j ) , let EAi(A) be the manifold formed by identifying two copies of A X A via the diffeomorphism of (A -(0)) X A The natural projection ElIi(A) -+ AP' sending ( u , v) to u and (11 ', v') to u ' gives EI,,/(A) the structure of a (11 + 1)-dimensional vector bundle over AP' .
Remarks. (1.
2) The non-associativity of the Cayley numbers causes no problems in (1.1). Indeed, since any two Cayley, numbers u and v generate a proper subalgebra of 0 (hence, an associative subalgebra), the expression u VU.' is unambiguous.
( 1.3) The bundle EIti(A) carries a natural inner product induced from the standard inner product on the second factor of A X A. Let Dh,(A) be the unit disk-bundle and let Sl,,,(A) = aDl1,;(A) be the unit sphere bundle.
(1.4) Isomorphism classes of (rz + 1)-plane bundles over AP' = s"+' are in one-to-one correspondence with T,,(O (II + I) In the general case we must define this action explicitly.
Suppose y = (: 4;) E GL(2, R ) . The action of y on AP' is defined by
Its action on El,, ( A ) is given by ( u ' , v ' ) = ( y . u l , (a + btr')"v1(a+ btrl) . '/la+ b u ' l l ' t 
i ) .
It is trivial to check that these formulas are compatible with the identification (1.1). Also, it is clear that translation by y is G"-equivariant and that translation by y leaves the inner product on E I , ; ( A )invariant. It remains to check that these formulas actually define an action of GL(2, R ) .
We must show that if y3 = y y 2 , then y 3 . (u, v) = y . ( y 2 . (u, v) 
Since CY and /3 belong to the subalgebra generated by u, they commute. Hence, Substituting this into the formula into ( I . 11) gives Therefore, we have shown that every (n + 1)-plane bundle over AP' admits a natural action of G ' X GL(2, R ) by bundle maps which leave the standard inner product invariant. To get an action of a compact group we should restrict our attention to the action of the subgroup G" X O(2).
Retnnrks. (1.12) In [IS] , Gromoll and Meyer give a different construction of an action of SO(3) X O(2) on the sphere bundles2,-(H) + s4.
Their action is the same as the one constructed above.
(1.13) There is a bundle isomorphism E h , ( A )+ E,, ,(A) covering a diffeomorphism on the base provided (h, j ) = k(h ', , j l ) or ( h , j ) = k( j ' ,h '1. Moreover, these isomorphisms are G" X GL (2, R ) equivariant.
Such an isomorphism El,,(A) + E P l , , ( A ) can be defined by
GROUP ACTIONS ON HOMOTOPY SPHERES

Similarly, there is an isomorphism Eh,;(A) E i h ( A )defined by
Notice that the first map reverses the orientation of the base and that the second reverses the orientations of both base and fiber. Note in particular that these isomorphisms show that the G"-manifolds S,,, (A) and S,,,,,(A) are equivariantly diffeomorphic whenever (h. , j The fixed point set of G A on Mi"+' is a circle. We can therefore take the connected sum of any number of copies of t(Mi"", G A ) equivariantly, by performing the connected sum operation at a fixed point. Since (M?", G A ) is equivariantly homeomorphic to (S2"+', G A ) so is any equivariant connected sum. Since the P-invariant is additive we see that for A = G~) H or 0 ,(M:"", Let G be a closed subgroup of O ( n ) such that G acts transitively on both the sphere s"-' and the Stiefel manifold V,,,2 = 0(11)/0(~1 -2).
For example, we might take G = O(n), n 2 2, or G = SO(n), n 2 3. Another possibility is to take G = G.', the group of automorphisms of A , where A = H or A = 0 .Let W" be the orthogonal complement of R in A.
Choose an isomorphism W" z R"where 12 = 3 if A = H or 11 = 7 if A = 0.
This defines a representation G" -0(iz). If A = H , then its image is SO(3) and we just have the standard 3-dimensional representation. If A = 0 , then its image is denoted by G 2 . In either case it is not difficult to check that G is transitive on V,,,z. If G C 0(11) is connected and acts transitively on V,,,z,then it is known (41 that the only other possibility is a certain 8-dimensional representation Spin (7) C 0(8).
The natural action of G on biaxial
The orbit of (x, y ) c R" @ R" is one of three types:
(ii) an (11 -1)-sphere, G/H, if x and y are linearly dependent, or (iii) a Stiefel manifold, G/K, if x and y are linearly independent. The orbit space of G on R" @ R" can be canonically identified with BR(2), the space of 2 by 2 positive semi-definite symmetric real matrices. The orbit map is given by
The space BR(2) is a solid 3-dimensional cone. The vertex is the image of the origin, the remainder of the boundary is the image of the spherical orbits and the interior is the image of the orbits of type G / K (that is, the principal orbits). A smooth G-manifold (M. G ) is biaxial if it is stably modeled on (R" @ R", G). This just means that the orbit types are G/G. G / H and G/K, that the normal representation at a fixed point is equivalent to (R" @ R", G), and that the normal representation at a spherical orbit is equivalent to ( R " ' , H). A biaxial G-manifold M will therefore have three strata. We index these by 10, 1, 2), where 0 corresponds to G/G. 1 to G/H, and 2 to G/K. By the i-stratum qf M (denoted by Mi) we shall mean the union of orbits of type i in M. By the closed i-stratum of M (denoted by Mi) we shall mean the i-stratum of M with the lower strata "blown up."
(To obtain M, one attaches to M,a boundary made up of the i-stratum of the normal sphere bundles of the lower strata as in [I I] Example 4.1. Consider the linear action of G on R" @ R " @ R"'" where G acts trivially on the third factor. This action is clearly biaxial with orbit space BR(2) X R"'+'. Also, we may consider the G-action on the unit sphere^^"+"' C R" @ R" @ R'"'. This is obviously also biaxial. It is easy to see that the orbit space B(s~"+"') is homeomorphic to a (172 + 3)-disk. The fixed point set B~( s~" + " ' ) = S"' is an unknotted sphere embedded in the boundary. All these actions will be referred to as li~zeur bitrxitrl actions.
Example 4.2. Let ({, w , z , , . . ., z,,) be complex coordinates for c,,+2 and let J' be the polynomial The Brieskorn manifold c~" " (p, 2, . . . , 2) is defined as the intersection of f P ' ( 0 ) and s2"+" Let U(12) act linearly on s~" + %õperating on the last n coordinates. If G C O ( n ) is transitive on V,,,2: then the representation G C O(i2) C U(it) gives a linear biaxial action on s2"+". The submanifold c~" + ' (p, 2, . . . , 2) C s 2 " + " is clearly G-invariant and biaxial. It is interesting to note that C2"+' (p, 2, . . . , 2) also admits a commuting action of S ' defined by elH . ({, w, z , , . . ., z,,) = (e i2H 5; e"'Lw, z , , . . . , z,,) .
It is well known that the orbit space of C2"+' (p, 2, . . . , 2) is homeomorphic to D~ and that the fixed point set C ' (p, 2) is a torus link of type (p. 2) embedded in the boundary 3-sphere. The s'-action of C2"" ( p . 2, . . ., 2) induces a strata-preserving 5''-action on the orbit space. We leave it as an exercise for the reader to check that this S1-action is equivariantly homeomorphic to the linear s'-action given by the representation p 2 + (1, 2) is the unknot. Hence if h + j = + 1, then the orbit space of Sl,,(A) is isonzor-phic to the orbit space of the linear G-action on s 2 " + ' . (Essentially, we already proved this in Theorem 3. 1.) Now let us return to our general considerations of a biaxial G-nianifold M. The equivariant normal bundle of M i in M may be regarded as a bundle over Bi(M). (This is explained in 181.) The structure group of this bundle can be reduced to a certain compact Lie group S,, which is defined and computed in [9] . The associated principal bundle is denoted by Pi(M) + Bi(M). Of particular importance is P2(M) + B2(M). This is just the principal bundle associated to the bundle of principal orbits. Its structure group S2is actually NG(K)/K. The biaxial G-manifold M is said to be trivializable if P 2 ( M ) -+ B2(M) is a trivial fiber bundle. A trivialization of M is the homotopy class [f ] of a bundle trivialization f :P 2 ( M ) + S2.
We denote a trivialized biaxial G-manifold by (M, G. The universal
The Structure Groups
THEOREM 4.5 (Bredon) . I f G is of type I, then the linear nzodel (R" @ R", G, [ g ] )is univeisal for trivialized biaxial G-actions.
This result was essentially proved by Bredon in [6] . A proof is also given in [9] . (Actually in 191 the result is only stated for G = O(tl), iz 2 2 and for G = SO(lz), 11 1 4; however, the same argument works for Spin (7).)
If G is of type 11, then G = G" for A = H or 0. Notice that there is a natural action of the group of automorphisms of A on A p 4 , the A-projective plane. It is proved in [9] Remark 4.7. The orbit space B(AP*) may be identified with ~~( 3 ) , the space of 3 by 3 positive semi-definite real symmetric matrices of trace one. This space is homeomorphic to D'. The fixed point set B~( A P * ) = R p 2 is embedded in the boundary 4-sphere in such a fashion that B I(AP*) = s4-R P 2 is a 2-plane bundle over RP*. Thus, both singular strata are homotopy equivalent to R P 2 . It is interesting to note that ~~ ( 3 ) is also the orbit space of the linear triaxial action of O ( n ) on s3"-I, 11 2 3. Moreover, the structure groups associated to the strata are the same in both cases. Also, ( s 2 " -' , O(n)) is universal for trivialized triaxial O(n)-actions without fixed points. It follows that the category of trivialized biaxial G.'-manifolds is equivalent to the category of trivialized triaxial O(n)-manifolds without fixed points for any n 2 3. I don't know of any real use for this observation; however, it does motivate the construction given below in the proof of part 1) of Theorem 4.9.
Many interesting consequences of Theorem 4.5 are deduced in [6] . We state some of these in the following result. (See also [7] and [ l l ] . ) THEOREM 4.8 (Bredon) . Suppose that G is of type I and that (M, G , [ f ] )is a trivialized biaxial G-manifold.
1) M equivariarltly bourzds a trivialized biaxicrl G-tnatzifoM ( W , G .
[
is trivial then by 1) T(B(W)) will rrlso be trivial; and hence, T ( W ) will be equivariantly stably trivial.
The arguments used to prove this can be modified to deduce the following result for G = S O (3) or G 2 . 
2) If T(B(M)is trivial, then T ( M ) is equivari~rrztly stably equivale?zt to a pullback o f T(AP*).
3) I f p a B ( M ) is nullhomotopic and if W is as irz I ) , then T ( W ) is equivariantly stably equivaler2t to a pzrllback of' T ( i l P 2 ) . 111 particular. W is a spin nzalzifold.
Proof. 1) The argument is similar to the one given on page 94 of [7] . Let ~~( 3 ) be the space of 3 by 3 positive semi-definite symmetric matrices. Then B R ( 3 )is a cone on T R ( 3 )= B(AP'). Let E € ~~( 3 ) be the identity matrix. Let x o = '/3E C T R ( 3 )and let T I be the submanifold of T R ( 3 )defined by requiring that x # x o and that the two smaller eigenvalues of x be equal. We may assume that ( M ) is trivial. Hence, 3 ) follows immediately from 1) and 2) and the fact that i l P 2 is a spin manifold.
)
Since M is equivalent to p*(ilP2) = { ( z , 6)E ilp2 X B ( M ) / p ( b ) = n ( z ) } ,
it is clear that it is embedded in i l P 2 X B ( M )with trivial normal bundle. It follows immediately that T ( M )is stably equivalent to p*(T(ilP2)). 3 ) Since B ( W ) is homeomorphic to B ( M ) X 1, T ( B ( W ) )is trivial if and only if T ( B
Biaxial Actions on Homotopy Spheres.
Here we will show that the results of the previous section can be applied to actions on homotopy spheres.
Suppose that B is a space which is locally differentiably modeled on BR(2) X R"', i.e., suppose that B is locally the orbit space of a biaxial O(it)-action. Then B will have three strata. The triple (B, dB. B o ) is called an orbit triple. We shall be interested in those triples satisfying the following additional conditions: Let G c O(n) be one of the groups listed in Table 4 .4 and let H = G fl O(n -I), K = G flO(n -2). Let C be a homotopy sphere on which G acts biaxially and let B(C) be its orbit space. If CG is empty, then it is known that C must be of dimension 2n -1 and that B(C) is a 2-disk. 4.4 and that G acts biaxially on u hoinotopy sphere C2"+"'. Then the orbit triple of (C, G ) satisfies (5.I),, .
Proof. Using Z/2Z-tori, Smith Theory implies that CG and CH are Z/2Z-homology spheres; hence b) holds. Using the maximal torus of G. Smith Theory implies that if n is even, then CG is an integral homology sphere, while if n is odd CH is an integral homology sphere. Since CG = Bo(C), c),,,, holds, and since CH is the double branched cover of dB(C) along Bo(C), we also have cIodd. In [30] Oliver proved that the orbit space of a compact Lie group action on Euclidean space is contractible. Applying this to the complement of a fixed point in C, condition a) follows easily.
COROLLARY 5.3. Let ( c~~+~, G ) b e a homotopy sphere with biaxial action, then ( c~" '~, G ) is a trivializable biaxial G-manifold, i.e., P2(C) +
B2(C)is a trivial fiber bundle.
Proof. B2(C) is contractible. Table 4 ( I 
B(C) is trivial.
COROLLARY
With hypotheses us above, the taizgeizt burzdle o j
Proof. B ( C ) is contractible. Let ( X ,
G
.4, that ( B , dB, B o ) satisfies (5.1),,, and thut p : B + B ( X ) is u strutifed inup where ( X . G ) is universczl. Then the pullback p*(X) is
honlotopy (2~2 + n2)-sphere with biaxial G-action.
Therefore, the problem of classifying biaxial G-actions on homotopy spheres is equivalent to the problem of classifying triples ( B , dB, B o ) satisfying (5.1),, together with stratified homotopy classes of maps p : B + B ( X ) . For a fixed triple ( B , dB. B o ) satisfying (5.I),, it is not hard to see that there are exactly two stratified homotopy classes of maps p : B + ~~( 2 )
which is induced and that they differ by an automorphism of ~~ ( 2 ) by an equivariant linear automorphism of the linear model. Hence, we recover the well-known result of the Hsiangs 1191 and Janich [20] (5.I) ,, .
: i f G is o/ type I, then there is a one-to-one cowespoizdellce between equivariai~t diffeonzorphisvz classes of biuxiul G-actiorls oiz homotopy (211 + 171)-spheres and dijfeor~zorphisr~z clusses of orbit triples ( B , aB. B o ) satisfying
For G = S O ( 3 ) or G2there may be more than one equivalence class of map B + B ( A P~) .
(We know that this must be the case, since by Theorem 3.2 and Example 4.3, the homotopy spheres ( M ? + ' , G ) ,k N , all have the same orbit triple yet belonging to distinct equivariant diffeomorphisms classes.)
By an orientution for (C, G ) we mean an orientation for CG and one for C H . Specifying these orientations is equivalent to specifying orientations for Bo(C)and dB(C) (or B (C)). Depending on whether 12 is even or odd either the orientation for CGor the one for CHwill determine an orientation for C. By an oriented equivule~zce C + C' we shall mean an equivariant diffeomorphism which preserves both orientations.
Let C2,,+,,,(G)be the abelian semi-group of oriented equivalence classes of biaxial G-actions on homotopy (2n -t m)-spheres. (The semigroup operation is connected sum.) Let D l ,,,, be the abelian semi-group of oriented diffeomorphism classes of oriented orbit triples ( B " "~, dB, B o ) satisfying condition (5.I),. Let p c :CZn+m ( G ) + be the semi-group homomorphism which sends C to B ( C ) . Also, let i C : C2,r+,l,(0(iz) 
C21,+111(G) be the map which sends (C, O ( n ) ) to (C, G ) . For groups
~~( 2 ) X R""' + B ( W ) c B ( A P~) .
Since B ( V -U ) = B(s~"+"'X I ) there is no obstruction to deforming (p by a stratified homotopy re1 B ( U )so that its image lies in ~~( 2 ) .
Hence, V is the pullback of the linear model. It follows that (V2"+"'+' , G ) must be equivalent to the linear biaxial action (D2"+"'+' , G ) and hence, that the action on C # (-C) = a V is also linear.
Actions of SO (3)on Homotopy 7-Spheres and of G2on Homotopy
15-Spheres.
In this section G is of type 11, i.e., G = S O ( 3 ) or G 2 and n = 3 or 7 . We shall also assume that in = 1, i.e., that the fixed point set is 1-dimensional.
Suppose
that (C2"+', G ) E C 2 , , + l ( G )
is an oriented biaxial action on a homotopy sphere. Let B = B (C) and Bo = Bo(C). By 5.2 , B is a contractible 4-manifold, B o is a circle, and the double branched cover of dB along Bo is an integral homology 3-sphere. We shall now define three different integer-valued additive invariants of (C2"+', G 
( A P~) .
Since dB is 3-dimensional, p I dB : dB + dB(APZ') = S 4 is null-homotopic. Hence, by 4.9 and 5.4 , C2"+' equivariantly bounds a spin manifold w2"+*.As in Section 2 it follows that the rational number p(C) is a well-defined additive invariant of the action. We can normalize it to be an integer by setting (C) = tr *,,+ , U (C) where a7 = 28 and a 1 5= 8128. First we want to make two observations. For any closed biaxial G-manifold M, dB1 ( M ) is a circle bundle over B o ( M ) .For i = 0, 1, let pi: Bi + Bj(AP2)denote the restriction of p to the i-stratum, and let dp, : d B I + aB,(AP*)denote the restriction of pl to d B , . Since p is stratified, dp, is a map of circle bundles covering po. Next :.rrl ( B 1) + .rrl ( R P 2 ) .Since the double branched cover of aB along Bo is an integral homology 3-sphere an easy computation shows that H 2 ( B 1 , aBl ; z '~' "~~) = 0. Therefore, the only possible non-zero obstruction group is H~( B [ , Since .rrl(RP2) 
G-action on C2"" extends to a biaxial O(iz)-action ifand only if T(C)= 0.
We shall leave it as an exercise far the reader to show that T is additive with respect to equivariant connected sum.
Recall that A,,,+, ( G ) C C21,+l ( G ) is the group consisting of those (C2"", G ) with B(C2"+')= B ( S 2 " + ' ) .Since r induces a bijection between the set of stratified homotopy classes of maps B ( S 2 " + ' ) B ( A p 2 )
+ and the integers, we have the following result. 
morphisnz.
Recall that Mi"+' is the sphere bundle S 2 , -, (A) with its canonical action of G = G". As we pointed out in Example 4.3 the orbit space of M:"+' is isomorphic to that of the linear biaxial action on s~" " , i.e., Proofs. We must show that any C E Cz,,+l ( G ) can be written in the form C' # C" where C' has linear orbit space and where the G-action on C" extends to an O(n)-action. By 6.1 we can choose ", 0 (12) have the same orbit space, the theorem of the Hsiangs and Janich implies that they are equivalent. By adding C' to both sides and using 5.6, we deduce that C is equivalent to C' # C " . At this point we have defined three homomorphisms a,@, and T from C2,,+I ( G )to the integers. We have shown that T 1 C2,,+ (O(12) ) is the zero map. Since the index of the unknot is zero, we have that a / A2,,+, ( G ) is also the zero map. By 4.8, 5.3, and 5.4 any C E C*,, + I (0( n ) )equivariantly bounds a parallelizable manifold v2"+*. By [ 5 ] , [13] , the index of v2"+' is equal to the index of the orbit knot. By [12] , the p-invariant of C2"+' is the index of v2''+l divided by 8a2,,+,. It follows that @ and a agree on Tamura [32] has done some work on the corresponding non-equivariant question. In particular, it is known that these manifolds are not all homeomorphic. (If n2 = 0 they have distinct rational Pontriagin classes.) Suppose that (M. G ) is a biaxial G-manifold with orbit triple ( B , aB. B o ) as above. According to [I] , page 282, it suffices to classify the set of possible (M -M o , G)'s since any equivariant homeomorphism on the complement of the fixed point set will extend across it. To answer this question u e need only compute the set of possible homotopy classes of maps on the 1-stratum cp, :B 1 -+ R P~. Since ~~" + ' ( m . . . . , 2) equivariantly bounds a parallelizable 2, manifold of index (m -I), we can compute its p-invariant. We have already computed the p-invariant of S,,,,(A) in Section 2. It is easy to check that these numbers are equal only if the peculiar condition (h -, j ) l = h + j is satisfied.
Cz,,+I ( O ( n )
Actions of U ( n ) , SU(n) and SO(2).
There is a theory of biaxial U(n)-and SU(n)-actions which is closely analogous to the theory discussed in Sections 4, 5 and 6. For U(n), rz 2 2, and for SU(n), 12 2 4, this theory is due to Bredon [6] . In these cases the key point is that the linear model is universal. As one might expect this is false for SU(3). In this case the natural action on the Cayley projective plane is universal. In this section we shall discuss these results and some of their implications for SU(3)-actions on homotopy 15-spheres and SO(2)-actions on hon~otopy 7-spheres.
Let H stand for U(n), n 2 2, or SU(n), n r 3. A smooth H-manifold M4!1 +/I! is biaxial if it is stably modeled on two times the standard linear action, i.e., on (C" @ C",H). A biaxial H-manifold M has three types of orbits: as before, we shall index the strata by (0, 1, 2). We shall denote the orbit space of M by A (M). The linear orbit space A (C" @ C" ) may be identified with ~' ( 2 ) the space of complex hermitian, positive semi-definite, 2 by 2 matrices. This space is a cone over a 3-disk. It follows that A (~4 1 1 +111 ) is homeomorphic to a (m + 4)-manifold with boundary and that the fixed point set Ao(M) is a closed m-manifold embedded in dA ( M ) in codimension three. ' The linear action of U(r7) on C" @ C" is the restriction of the action Example 7.1. Restriction to the subgroup SU(3) C G 2 gives a biaxial SU(3)-action on the Cayley projective plane. The fixed point set is cP2. In [9] it is proved that the orbit space A ( 0 P 2 ) may be identified with ~' ( 3 ) , the space of complex hermitian, positive semi-definite, 3 by 3 matrices of trace equal to one. This space is homeomorphic to 0'. The 0-stratum is cP2and this stratum is embedded in S' = a0"n such a way that its complement (the 1-stratum) is a 3-disk bundle over cP2. it is straightforward to check that A (Sll,;(0)) is a 7-disk.
If H = U(n), tz r 2, or SU(iz), i z r 4 we say that it is of tYl?e I. If H = SU(3) then it is of type II. For H of type I the universal trivialized biaxial H-manifold is the linear model (C" @ C" ,H), [6], [9] ; for H of type I1 the universal action is the one discussed in Example 7.1, ( 0 P 2 , SU(3)), [9] .
Suppose now that H acts biaxially on a homotopy sphere c~" + " ' and set A = A(C). By using Smith Theory and Oliver's Theorem [30] we see that the following conditions (analogous to 5.1) hold: (C4"+"'.H) . We may assume that p is transverse to a ray emanating from the vertex in a B C ( 2 ) .The inverse image of this ray will be a "Seifert surface" v"'+' forAo in aA, i.e., v"'+' will be a framed submanifold of a A with avil'+' = A,,. Thus, in contrast to Proposition 5.5 , for H of type I we see that the orbit knot of (C4""11, H ) must satisfy the following additional condition:
This result was first proved in [14] .Its significance is that while every knot in codimension two has a Seifert surface, there are knots in codimension three which fail to satisfy (7.4). Bredon (7.4) . Moreover, equivalence classes oj'such (C4"+"', H ) As in Section 5, define C4, , +, l, (H) of @ii? +3.111 under p, . Thus C?4, , +, , , (H) consists o f those (C4"+" '.) with Ao(C) simply connected and a A ( C ) = s " ' +~. T h e proof of the following result is similar to that of Proposition 5.6. PROPOSITION C?4, 1+, 11( H ) 
l 5 ( U ( 3 ) ) F 1 5 ( S U ( 3 ) )
is also an injection. + PROPOSITION 7.11. C I 5 ( u ( 3 ) ) is a subgroup of index two in Fl5(SU(3)).
Proof. Suppose that C" E C l s (~( 3 ) ) . be a Seifert surface for
Let v4 ( a A ( C ) , A o ( C ) ) = ( s h ,s3). By Rohlin's Theorem, the index of v4, I ( v ' ) , 6The proof actually shows that the kernel of p~ is the group r 4 ( m , S 0 ( 3 ) ) , where ! U? is the space of those maps S2 + CP* which induce an isomorphism on H Z ( ; Z ) . The computation of f I 5 ( S u ( 3 ) ) reduces to determining whether a 4 ( m , SO(3) ) is 0 or 2 / 2 2 .
